A GENERALISATION OF A SECOND PARTITION THEOREM
OF ANDREWS TO OVERPARTITIONS

JEHANNE DOUSSE

ABSTRACT. In 1968 and 1969, Andrews proved two partition theorems of the
Rogers-Ramanujan type which generalise Schur’s celebrated partition identity
(1926). Andrews’ two generalisations of Schur’s theorem went on to become
two of the most influential results in the theory of partitions, finding appli-
cations in combinatorics, representation theory and quantum algebra. In a
recent paper, the author generalised the first of these theorems to overparti-
tions, using a new technique which consists in going back and forth between g-
difference equations on generating functions and recurrence equations on their
coefficients. Here, using a similar method, we generalise the second theorem
of Andrews to overpartitions.

1. INTRODUCTION

A partition of n is a non-increasing sequence of natural numbers whose sum is n.
An overpartition of n is a partition of n in which the first occurrence of a number
may be overlined. For example, there are 14 overpartitions of 4: 4, 4, 3 +1, 3 + 1,
34+1,3+1,2+2,242,2+1+1,2+1+1,24+1+1,24+1+1,1+1+1+1and
I+14+1+1.

In 1926, Schur [Sch26] proved the following partition identity.

Theorem 1.1 (Schur). Let n be a positive integer. Let Dy(n) denote the number of
partitions of n into distinct parts congruent to 1 or 2 modulo 3. Let Ei(n) denote
the number of partitions of n of the form n = Ay + -+ + As where \; — \jy+1 > 3
with strict inequality if \j+1 =0 mod 3. Then Di(n) = E1(n).

For example, for n = 9, the partitions counted by D (9) are 8+1, 742 and 5+4
and the partitions counted by E1(9) are 9, 8+1 and 7+2. Thus D1(9) = E1(9) = 3.

Several proofs of Schur’s theorem have been given using a variety of different
techniques such as bijective mappings [Bes91, Bre80], the method of weighted
words [AG93], and recurrences [And67, And68b, And71].

Schur’s theorem was subsequently generalised to overpartitions by Lovejoy [Lov05]
using the method of weighted words. The case k = 0 corresponds to Schur’s theo-
rem.

Theorem 1.2 (Lovejoy). Let Di(k,n) denote the number of overpartitions of n
into parts congruent to 1 or 2 modulo 3 with k non-overlined parts. Let Ey(k,n)
denote the number of overpartitions of n with k non-overlined parts, where parts
differ by at least 3 if the smaller is overlined or both parts are divisible by 3, and
parts differ by at least 6 if the smaller is overlined and both parts are divisible by 3.
Then Dy(k,n) = E1(k,n).

Theorem 1.2 was then proved bijectively by Raghavendra and Padmavathamma
[RP09], and using g-difference equations and recurrences by the author [Doul4].
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Andrews extended the ideas of his proofs of Schur’s theorem to prove two much
more general theorems on partitions with difference conditions [And68a, And69).
But before stating these results in their full generality we need to introduce some
notation. Let A = {a(1),...,a(r)} be a set of r distinct positive integers such that
Zf;ll a(i) < a(k) for all 1 < k < r and the 2" — 1 possible sums of distinct elements
of A are all distinct. We denote this set of sums by A" = {«(1), ..., (2" —1)}, where
a(l) < -+ < a(2" —1). Let us notice that a(2¥) = a(k +1) forall 0 < k <7 —1
and that any « between a(k) and a(k + 1) has largest summand a(k). Let N
be a positive integer with N > (2" — 1) = a(1) 4+ --- + a(r). We further define
a(2") =a(r+1) = N+ a(1). Let Ay denote the set of positive integers congruent
to some a(i) mod N, —Ay the set of positive integers congruent to some —a(7)
mod N, A’y the set of positive integers congruent to some « (i) mod N and —A'y
the set of positive integers congruent to some —«(i) mod N. Let Sy(m) be the
least positive residue of m mod N. If o € A’, let w(w) be the number of terms
appearing in the defining sum of o and v(«) the smallest a(i) appearing in this
sum.

To illustrate these notations in the remainder of this paper, it might be useful
to consider the example where a(k) = 287! for 1 < k < r and a(k) = k for
1<kE<2r—1.

We are now able to state Andrews’ generalisations of Schur’s theorem.

Theorem 1.3 (Andrews). Let D(Apn;n) denote the number of partitions of n into
distinct parts taken from An. Let E(Ay;n) denote the number of partitions of n
into parts taken from Aly of the formn = Xy + -+ + As, such that

Ai = Aig1 = Nw(By (Niv1)) + 0By (Ait1)) — Bn (Aig1)-
Then D(An;n) = E(Aly;n).

Theorem 1.4 (Andrews). Let F(—Apn;n) denote the number of partitions of n into
distinct parts taken from —Ay. Let G(—Aly;n) denote the number of partitions of
n into parts taken from —A%y of the form n = Ay +--- + X, such that

Ai = Aip1 2 Nw(Bn (=Ai)) + v(Bn (=) — Bn (=X,
and As > N(w(Bn(—As)) —1). Then F(—An;n) = G(—Aly;n).

Not only have Andrews’ identities led to a number of important developments
in combinatorics [Al197, CL06, Yee08] but they also play a natural role in group
representation theory [AO91] and quantum algebra [Oh15].

The author generalised Theorem 1.3 to overpartitions in [Doul6] by proving the
following.

Theorem 1.5. Let D(Apn;k,n) denote the number of overpartitions of n into parts
taken from Ay, having k non-overlined parts. Let E(A'y;k,n) denote the number
of overpartitions of n into parts taken from A% of the form n = A + -+ + A,
having k non-overlined parts, such that

Ai = Aip1 2 N (w (By(Nig1)) = 1+ x(Nig1)) + 0By (Aig1)) = By (Xig1),

where x(Aix1) = 1 if N\jx1 is overlined and O otherwise.
Then D(An; k,n) = E(Aly;k,n).

Here we generalise Theorem 1.4 by showing the following.
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Theorem 1.6. Let F(—Apn;k,n) denote the number of overpartitions of n into
parts taken from —Apy, having k non-overlined parts. Let G(—A'y;k,n) denote
the number of overpartitions of n into parts taken from —A' of the form n =
A1+ -+ As, having k non-overlined parts, such that

Ai = Aig1 > N (w (By (=) — 1+ x(Air1)) +v(Br (=) — Bn (=X,

As = N(w(Bn(=As)) — 1).
Then F(—An;k,n) = G(—Aly: k,n).

Theorem 1.1 (resp. Theorem 1.2) corresponds to N = 3, r = 2, a(1) = 1,
a(2) = 2 in Theorems 1.3 and 1.4 (resp. Theorems 1.5 and 1.6). Again, the case
k = 0 of Theorem 1.5 (resp. Theorem 1.6) gives Theorem 1.3 (resp. Theorem 1.4).

Let us illustrate Theorems 1.6 with an example. Let N = 7, r = 3, a(1) = 1,
a(2) = 2, a(3) = 4. The overpartitions of 8 counted by G(—A%; k,8) are 8, 8, 5+ 3
and 5 + 3. The overpartitions of 8 into parts congruent to 3, 5 or 6 modulo 7
(counted by F(—A7;k,8)) are 5+ 3,5+ 3,5+ 3 and 5 + 3. In both cases, we have
1 overpartition with 0 non-overlined parts, 2 overpartitions with 1 non-overlined
part, and 1 overpartition with 2 non-overlined parts.

While the statements of Theorems 1.5 and 1.6 resemble those of Andrews’ theo-
rems, the proofs are considerably more intricate and involve a number of new ideas.
The proof of Theorem 1.6 uses ideas similar to the proof of Theorem 1.5 presented
in [Doul6], in the sense that it relies on going back and forth from g¢-difference
equations to recurrence equations.

The remainder of this paper is devoted to the proof of Theorem 1.6. First, we
give the recurrence equation satisfied by the generating function for overpartitions
enumerated by G(—A'y; k,n) having their largest part < m, using some combina-
torial reasoning on the largest part. Then we prove by induction on 7 that the limit
when m goes to infinity of a function satisfying this recurrence equation is equal

—gV ) gN A . . .
to [Tj—, W, which is the generating function for overpartitions counted

by F(—An;k,n). Here we use the classical notation (a;q), := H;L:_Ol(l —ag’).

2. THE RECURRENCE EQUATION

In this section, we establish the recurrence equation satisfied by the generating
function for overpartitions enumerated by G(—A’y;k,n) having their largest part
<m.

Let n,m € N*, k € N. Let m,,(k, n) denote the number of overpartitions counted
by G(—Aly;k,n) such that the largest part is < m and overlined. Let ¢,,(k,n)
denote the number of overpartitions counted by G(—Ay; k, n) such that the largest
part is < m and non-overlined. Then ¢, (k,n) := m, (k, n)+ @ (k, n) is the number
of overpartitions counted by G(—A'y; k,n) with largest part < m.

Then the following holds.

Lemma 2.1. We have
ViN—am)(k,n) = ViN_—a@ms+1)(k,n)
(2.1) = YN —w(a(m)N-v(am)) (k;n = jN + a(m))
YN - (w(a(m)~)N—v(a(m) (k = 1,0 = jN + a(m)).
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Proof: Let us first prove the following equation:
WjN—a(m)(kvn) = WjN—a(m-&-l)(kan)
(2.2) + T N—w(a(m) N—v(a(m)) (B, — §N + a(m))
+ &N —(w(a(m)—1)N—v(a(m)) (k,n — FN + a(m)).

The overpartitions counted by 7;n_q(m)(k,n) can be separated into two sets :
those with largest part < jN —a(m) and those with largest part equal to jN —a(m).
The first set is counted by 7;5_a(m+1)(k,n), and the second by

TiN—w(a(m))N—-v(a(m)) (k1 — JN 4 a(m))

+ ¢jN—(w(oz(m))—l)N—v(a(m))(ka n— ]N + a(m))
To see this, let us consider an overparition n = Ay + Ao 4+ --- + s counted by
TiN—a(m)(k,n) with largest part equal to jN — a(m). Now remove its largest part
A1 = jN —a(m). The number partitioned becomes n—jN +«(m). The largest part

was overlined so the number of non-overlined parts is still k. If Ay was overlined,
then we have

A2 <A —w(a(m))N —v(a(m)) + a(m)
< JjN —w(a(m))N — v(a(m)),
and we obtain an overpartition counted by 7; N —uw(a(m)) N—v(a(m)) (k; n—7F N +a(m)).
If Ay was not overlined, then we have
A2 £ A1 = (w(a(m)) = 1)N = v(a(m)) + a(m)
< JjN = (w(a(m)) = 1)N —v(a(m)),

and we obtain an overpartition counted by @;n— (w(a(m))—1)N—v(a(m))(k,n — N +
a(m)).
In the same way we can prove the following
¢jN—a(m)(k»”) = ¢jN—a(m+1)(kv”)
(2.3) + TN —w(a(m) N—v(a(m) (F = 1,n = jN + a(m))
+ GjN—(w(a(m)~1)N—v(a@m) (k = 1,n =N + a(m)).
Adding equations (2.2) and (2.3) and noting that for all m,n,k, m,(k —1,n) =

¢m(k,n) (we can either overline the largest part or not), we obtain equation (2.1).
([

We define, for m > 1, |¢| < 1, |d| < 1,

gm = gm(q,d —HZZ%M )g"d",

n=1 k=0

and for all 0 < k < r — 1, we set g_,(¢,d) = (=d)* for all kN < m < (k +
1)N. This definition makes (2.4) consistent with (2.1) and the condition that
As = N(w(Bn(=As)) — 1)

We want to find hrn 9gm, Which is the generating function for all overpartitions

counted by G(— A?v, k: n) To do so, we establish a recurrence equation involving
only the gun—jyn—a(1)’s, for 0 < j < r. Let us start by giving some relations
between generating functions.

Lemma 2.1 directly implies
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Lemma 2.2. We have

IN—a(

9jN—a(m) = ng—a(m+1)+q m)ng—w(a(m))N—v(a(m))

2.4
. +dg"™ M gy (e (m) 1) N —v(a(m))-

If jN —a(m) < N(w(a(m)) — 1), then j < w(a(m)) — 1 and the indices of
the two last terms in (2.4) are negative. Because of the initial conditions that for
all0 <k <r—1, g_m(qg,d) = (—d)¥ for all kN < m < (k+ 1)N, the last two
terms cancel and we obtain g;n_a(m) = gjN—a(m+1)- Therefore we cannot have a
partition with one part A such that A\ < N(w(Bny(—X)) — 1).

Let 1 < k < r+1 be a fixed integer. Adding equations (2.4) together for
1<m<2k1_ 1, using the fact that « (Qk_l) = a(k), we obtain

giN—a(1) = 9jN—a(k)
(2.5) + Z (N %9 —w(@))N=v(a) T AN TG —w(a)+1) N—o(a)) -
a<a(k)

Let us now add equations (2.4) together for 2872 < m < 2F~1 — 1. This gives

(2.6)
9iN—a(k) = 9jN—a(k+1)
iN —« N —«
+ > (@™ 796w N—v(@) + A€ TG w(a) 1) N —v(a)) -
a(k)<a<a(k+1)

Every a(k) < a < a(k + 1) is of the form o = a(k) + o/, with o/ < a(k). Hence we
can rewrite (2.6) as

9jN—a(k) — 9jN—a(k+1)
— qija(k)

iN—a(k)—a' iN—a(k)—a'
+ D (qj = g —w(ar) )N —var) + dg?N W) gofw(a'))zva(a'))
o' <a(k)
iN—a(k)

JN—a(k)

9(i—1)N—a(k) T dg 9iN—a(k)

iN—a(k)

=q 9(i—1)N—a(k) T dq

N—a(k
+q (k) (9(j71)N7a(1) - g(jfl)Nfa(k)) )

9jN—a(k)

where the last equality follows from (2.5).
Thus

(1 - dqjN_a(k)) 9iN—a(k) = 9jN—a(k+1) T qN_a(k)g(jfl)Nfa(l)
A (1 - q(j_l)N) 9(G—1)N—a(k)-

We want to find the recurrence equation satisfied by (g¢n—a(1))een. Before doing
so, let us recall some facts about the g-binomial coefficients, defined as

{m] {(1qm)(lq’"'_l)...(lqm_T“) if0<r<m,
q

(2.7)

(1-¢)(1—¢?)...(1—q")
0 otherwise.

r

They are g-analogues of the binomial coefficients and satisfy g-analogues of the
Pascal triangle identity [Gas90].
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Proposition 2.3. For all integers 0 < r < m,

o
(2.9) [ﬂ = [mr_ 1} T {T__ll] )

As g — 1 these equations become Pascal’s identity.
We are now ready to state the key lemma which will lead to the desired recurrence
equation.

Lemma 2.4. For 1 <k <r+1, we have
1

k
H (1 - dqm*a(j)) 9eN—a(1) = G¢N—a(k)

—

<

k=1 [ k—j—1
+ Z dm Z qéN—a (( 1)m 1 é(m 1)N |:] +m — 1:|
(2.10) j=1 \ m=o0 a<a(k) -1 Jgn
w(a)=j7+m

j+m e

+(—1)mqémN{ m } ) H (1 - q(e_h)N) 9(t—j)N—a(1)-
q N h=1

Proof: We prove this formula by induction on k. For k = 1, it reduces to

G¢N—a(1) = JeN—a(1)- Let us assume that (2.10) is true for some 1 < k < r and
show it also holds for k + 1. Let us define

k=1 [ k—j—1

m —« m— m— Jt+m— 1
Z d Z qu (( 1) 1 E( 1)N|: . :| .
a

j=1 | m=0 a<a(k)
w(a)=j+m
J—1
+H(=1)m¢" N{ ] ) (1*116 ") )g(é—j)N—a(l)'
h=1

We want to show that

k
H (1 — dqm_“(j)) 9iN—a(1) = GeN—a(k+1) + Prr1(£).

We have

k
H (1 - dqm_“(j)> G¢N—a(l) — 9¢N—a(k+1)

Jj=

k—1
= (1 — dqm*“(ko H (1 - dqm*a(j)) G¢N—a(1) = 9¢N—a(k)
j=1

[

+ (1 - dqm_a(k)> 9eN—a(k) — 9EN—a(k+1)
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— (1 _ dqu—a.(k)> hk(e)

+ ¢V "M g1y N—aqy — g~ P (1 - q(z_l)N) 9(e—1)N—a(k)s

where the last equality follows from the induction hypothesis and equation (2.7).
Thus

—.

(1 — dqm_a(j)) JeN—a(1) = 9¢N—a(k+1)

o
Il
—

= (1 - dqm’“(}“)) hie(0) + ¢~ =M g1y n—aq)

k—1
= (1 ) (T (1 %) gy oay — - 1)
j=1
_ (1 _ dqu—a(k)) hio(0) + gV et (1 _ q(e—l)N> h(€ — 1)
k—1

fgN-e) [ 1 (1 _ q(zq)N) (1 _ dq(éfl)Nfa(j)> e—1)N—a()

_ (1 B dqéN—a(k)> hio(0) + gV o

<.

/N

1- q“—l)N) hio(0— 1)

k—1
4N [ (1 _ q(Z—l)N> 1+ Z Z (_d)mq(l—l)mN—a - 1)N—a()

m=1 a<a(k)
w(a)=m

_ (1 B dqufa(k)) hio(0) + gV ot (1 _ q(Zfl)N> hio(€ — 1)

k—1
+ qN—a(k') q(é—l)N + Z dm Z q(f—l)N—a
m=1

a<a(k)
w(a)=m

X ((—1)m_1q(£_1)(m_lw + (—1)mq(£_1)mjv) 9(t—1)N—a(1)

_ (1 _ dqua(k)) hio(0) + gV —a®) (1 _ q(éfl)N) hio(€ — 1)

+ qENfa(k) + kil dm Z qZNfa'

m=1 a(k)<a'<a(k+1)
w(a')=m+1

> ((_l)mflq(ffl)(mfl)N + (_l)mq(Zfl)mN> 9 1)N—a(1)
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_ m —« m— m— +m—1
_ Z d Z qzzv <( 1) 1 e( 1)N [J ) }
_ N

j=1 m=0 a<a(k)
w(a)=j+m

N |J T M =

m m —

+(=1)"q [ LN X (1 —q" h)N) 9(t—j)N—a(1)
h

m
=1

k=1 [ k—j—1 N )
+ dm+1 ZN a(k)—a m émN .] m—
3 I I ( A

j=1 m=0 a<a(k
w(a)=j+m
(1)l gl DN J+m 1:[ g N
) 9(t—j)N—a(1)

k=1 [ k—j—1
Z dm Z g IN-a <( 1)1 g(e=Dm=DN [J‘*‘m—l}
Jj=1 m=0 a<a(k) -1 q—N
w(ea)=j+m

_ym(t=1ymN [J T ™ - (—h—1)
+(=1)"q { m LN> H( g )g(zqu)zvfa(l)

+ qZN—a(k) + kil A Z qZN—o/

m=1 a(k)<a’'<a(k+1)
w(a)=m+1

X ((71)m71q(€71)(m71)]\7 + (*Umf}d*l)mN) 9(t—1)N—a(1)

k=1 [ k—j—1 . )
_ dm IN—« —1ym—1 o(m—1)N |J +m—
> > g (( )" g St

Jj=1 m=0 a<a(k)
w(a)=j+m

. j—1
_1\ym fmN J+m ; (6—h)N
+(=1)"q [ m LN> X hl:[1 (1 — ¢ )g(z—j)N—au)
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k=1 [ k—j ) 9

+ Z Z am Z qZN—oz ((_1)m—1q€(m—1)]\/ |:] +m — ]

j=1 | m=1  a(k)<a<a(k+1) m—2 qa N
w(a)=j+m

i—1

m ] +m — 1 3 —

+(-1) LqémN[ 1 ] N) X H (1 —q h)N) 9(t—j)N—a(1)
4 h=1

k—j

Z dm Z qEN—a (_1)m—1q(£—1)(m—1)N Jt+m—2
m—1 N
(k+1) q

k
j=2 \ m=0 a(k)<a<a
w(a)=j+m

+

. j—1

m_(t—1)mN |J +m—1 —

+(=1)mg! Y N{ . } N) <[] (1—61(2 h)N) 9(e—j)N—a(1)
a- h=1

k—1

+ qéN—a(k) + Z A Z qéN—o/

m=1 a(k)<a'<a(k+1)
w(a)=m+1

% ((_1)m71q(€71)(m71)N+ (_l)mq(eq)mN) Ie—1)N—a(1)

k=1 [ k—j—1 [j4+m—1
_ dm IN—o -1 m—1_€¢(m—1)N
> > g (( )" g St

Jj=1 m=0 a<a(k)
w(a)=j+m

m

. j—1
mN |[J T m _
+(_1)mq€ nN[ } N) % H (1 _q h)N) Ity N—a(1)
q- h=1

k—1 | k—j .

+ Z Z am Z qZN—oz ((_1)m—1q€(m—1)N [.7 +m — 2:|

i=1 \ m=1  a(k)<a<a(k+1) m=2 Jgn
w(a)=j+m

. Jj—1

m _ Im J +m—1 —

+(=1) qz N[ m—1 ] N) X H (1 - q(e hw) 9(t—j)N—a(1)
q- h=1
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k—j

m —« m— m— -7+m 2

3] D S S (O G

j=1 | m=0  a(k)<a<a(k+1) N
w(a)=j+m

j—1
m —1)m .7+ m—1 ; —
+(=1)mqY LN[ m } N) X H (1 —q" h)N) 9(t—j)N—a(1)
q- h=1

k-1

Z qéN—a

j=1 [a<a(k+1)

w(a)=j
k—j . .
m —a m— m— J+m_1 m ¢mN |J T T
LA DO ((—1) e T g
m=1 a<a(k) m=1 g e Jgy
w(a)=j+m

o 1 (rm— j +m — 2 _ N(m— +m —2
+ Z quv (—1) 1qe( nN [ |J tq N(m—1) J
m— 2 o m—1 N

a(k)<a<a(k+1)
+ (_1)mqémN j+m_1 +q—N77L j+m_1
m — 1 qN m qN

w(a)=j+m
H q(é h)N g(é—j)N—a(l)

k—1
+ gt = (a)FFa(k) H (1 - q“‘”w) 9(t—k)N—a(1)-
h=1

Thus by the g-analogue of Pascal’s identity (2.8), we obtain

(1 - dqua(j)) 9N —a(1) — 9¢N—a(k+1)

—.

Jj=1
k=1 [ k—j
— Z dm Z qéN—a (( 1)m 1 é(m 1)N l:] +m— 1:|
j=1 \ m=0  a<a(k+1) —b g
w(a)=j+m
m emN|J T M o (¢—h)N
+(-1)"q . X H (1 —q )g(éfj)Nfa(l)
N h=1
k-1

+ ¢*N—(@+Falk) H (1 - q(z_h)N) J(t—k)N—a(1)
h=1
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e
_ m — m—1 m—1 J+m_1
9l D S (i B

j=1\ m=0 a<a(k+1)

w(a)=j+m
Jj+m !
_1)ymgtmN (1_ (z—h)N) o
+(=1)"q [ . LN> ><h1;[1 q 9(t—j)N—a(1)
= hi41(0).
This completes the proof. ([

Writing ug := ggn—_q(1) and setting k = r+1 in Lemma 2.4, we obtain the desired
recurrence equation

T

H (1 - dqm*a(j)) Up = Up_1

j=1
L j+m-—1
dm IN—« 1)ym— 1 E(m 1)N
o b S (e a pees
(reCN,r) j=1 |\ m=0 a<a(r+1) q

w(a)=j7+m
i +m i
_|_(_1)mq€mN |:.7 :| > H (1 _ q(f—h)N) w_j,
m -N
q h=1
with the initial conditions u_; = (—d)k forall0<k<r-—1.

3. EVALUATING lim wy BY INDUCTION
£L—00

In this section, we evaluate hm ug, which is the generating function for partitions

counted by G(—A'\;k,n). To do so, we prove the following theorem by induction
on r.

Theorem 3.1. Let r be a positive integer. Then for every N > a(2" —1), for every
sequence (Um )men satisfying (recn ) and the initial condition ug = 1, we have
T (_ N—a(k);qN)oo

o q
i kl;[l (dgN=1); gN) oo

The idea of the proof is to start from a function satisfying (recy,) and to do
some transformations to obtain a function satisfying (recy ,—1) in order to use the
induction hypothesis. In order to simplify the proof, we split it into several lemmas.

Lemma 3.2. Let (u,,) and (By,) be two sequences such that for all m € N,

_UmH

1— quN a(r)
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Then uop = 1 and (uy,) satisfies (recn,) if and only if By = 1 and (B,,) satisfies
the following recurrence equation

=1

a<a(r) a<a(r)
(recly,) w(e)=j=1 w()=j

r r min(j—1,h—1)

=Bty Y Z Chyibh—k,i (1) "N B,

j=1h=1

where
(k+1) Al —=1
Ck,j = g N ka(n) F i ] d*,
q—N

and

3 _ _ j+m-—1
e *d" “ :
5] Z q +d Z q |: m—1 :| -N
a<a(r+1) a<a(r+1) q
w(a)=j+m—1 w(a)=j7+m

Proof: Directly plugging the definition of (5,,) into (recy,.), we get

(=) T (1 - da™ D) B = Brs

2 bt

—Q m— m— ] + m— 1
N <( 1) 1 4 1)N[ ]
q—N

m—1
a<a(r+1)
w(a)=j+m
j+m T
+( l)mquN|: ] (1 dq(éfh)N a(r)) 6/—]
g h=1

With the conventions that

Z qg*“=0forn>r,

and

this can be reformulated as

S Sl LD DRSSPl NESTL A
Jj=1 )

a<a(r) a<a(r
w(e)=j—1 w(a)=j
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r r—j+1

m— —« m —a Jtm—1

551 DO FED IR LD SR | A

j=1\ m=1 a<a(r+1) a<a(r+1) a N
w(a)=j+m—1 w(a)=j+m

1)ym— 1 mZN NkoC ] ka(r)
-1 (S !

dk( )k keN) Be_j,

q—N

because of the ¢-binomial theorem [Gas90]

(3.1) TTa+a' =Y o )]

k=0 k=0

in which we replace ¢ by ¢, n by j — 1 and ¢ by —dq“~)N=a(") Finally, noting
that b—; = 0if j +1—k—1 > r, we can rewrite this as (recly ). Moreover,
Bo = ug = 1 and the lemma is proved. O

We can directly transform (rec)y ,.) into a g-difference equation on the generating
function for (5,,).

Lemma 3.3. Let (8,,) be a sequence and f a function such that

oo
=2 Bua”
n=0

Then (B) satisfies (vec)y ) and the initial condition Bo = 1 if and only if f(0) =
and f satisfies the following recurrence equation

(eqN,r)
100 =X (¢ ¥ e ¥
m=1 a<a(r) a<a(r)
w(a)=m—1 w(a)=m

r min(j—1,m—1)

+> Z Ck,jbm—k,ﬂqum>(—Umﬂf(qumN)-
Jj=1

Proof: By the definition of f and (rec)y ), we have

T

(-a)f@) =X [# ¥ aord Y | 1 ()

Jj=1 a<a(r) a<a(r)
w(a)=5—1 w(a)=j

r r min(j—1,h—1)

FXN X b (DI ().
j=1h=1

Relabelling the summation indices and factorising leads to (eqy,). Moreover,
f(0) = By = 1. This completes the proof. O

Let us now do some transformations starting from (rechT,l).
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Lemma 3.4. Let (uy,) and (s,) be two sequences such that for all n,

n

1
Sn = fn H 1 gNk"
k=1

Then (uy) satisfies (recy r—1) and the initial condition po = 1 if and only if s =1
and (s,) satisfies the following recurrence equation
(recxf,rfl)

1+ZT: N g d Y | (1) PN | se =50
j=1

a<a(r) a<a(r)

w(a)=j—1 w(a)=j

r r—j
+ dm—1 Z q—a 4 dm Z q—a
Jj=1m=1 a<a(r) a<a(r)

w(a)=j+m—1 w(a)=j+m

] -1

% |:J +m :| (_1)m+1qm€Ns€7j.

m—1 N

Proof: Using the definition of (s,) and (recy ,—1), we get

1-M ] (1 dg™ =) 50 = 504

r—1 | r—j—1 .
+ Z Z am Z qEN—a ((_l)m—qu(m—l)N l:.] +m — 1:|

j=1 | m=0 a<a(r) m—1 Jgn

w(a)=j+m
-+
+(_1)mqlmN |:] m:l > S0j.
m q_N
Using that
Z g *=0and Z qg =1,

a<a(r) a<a r)
w(a)=r w(a)=

as in the proof of Lemma 3.2, this can be reformulated as

1+i &t Z T+ Z | (1) | sp =501
j=1

a<a(r) a<a(r)
w(a)=j—1 w(a)=j

+ Z Z am Z qéNfa ((_l)mlqi(ml)N |:.] ‘;LTT_LI 1:| .
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m

m m ‘—"_m
+(-1)"q¢" NF ] ) S0—j-
q*N

Factorising the right-hand side and using again the fact that

> g =0,

a<a(r)
w(a)=r

we obtain the recurrence (recy, ;). Moreover we have so = pio = 1. 0
Again, let us translate this into a recurrence equation on the generating function
for (sy).

Lemma 3.5. Let (s,,) be a sequence and G be a function such that

G(z) == Z Spx™.
n=0
Then (s,,) satisfies (recly,._ ) and the initial condition so = 1 if and only if G(0) = 1
and G satisfies the following q-difference equation

(ed” N 1)
r r—1
TRPIZRID 55 31 LN SEIPRETCID SR
m=1j=0 a<a(r) a<a(r)
w(a)=j+m—1 w(a)=j+m
X[ m—1 ] ()"l g™ NG (:vq N)'
N

Proof: By the definition of G and (recy,_,), we have

T

(1 . .’E) G(I’) _ Z dmfl Z qfa +dm Z qfa (*1)m+1G (l’qu)
)

m=1 a<a(r) a<a(r

w(a)=m—1 w(a)=m
r—1r—1

5503l ESIID SRFETTND P
m=1j=1 a<a(r) a<a(r)
w(a)=j+m—1 w(a)=j+m
] -1 o
% |:j +m :| (_1)m+1quijG (SquN) .
m—1 ]

As the summand of the second term equals 0 when m = r, we can equivalently
write that the second sum is taken on m going from 1 to r. Then we observe
that the first term corresponds to 7 = 0 in the second term, and factorising gives
exactly (eq”y ._1). Moreover, G(0) = so = 1. This completes the proof. O

Let us do a final transformation and obtain yet another g-difference equation.

Lemma 3.6. Let G and g be two sequences such that

o0

g(x) == G(x) H (1 + quN_“(T)) .

k=1
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Then G satisfies (eq}y ;) and the initial condition G(0) = 1 if and only if g(0) = 1
and g satisfies the following q-difference equation
(eq/N,r—l)

r—1 min(m—1,v)

(1 - :C) Z Z Z fm,p,em,l/—uxyqymN

m=1 \v=0 n=0

r min(m—1,v—1)

+4q —a(m) Z Z fm,uem v—p— 1xuqymN (_1)m+1g (.Z’qu) )

where
e m—1 —« m —« j+ m—1
e LD SRR DR I (N
a<a(r) a<a(r) q
w(a)=j+m—1 w(a)=j+m
and

o —NEEED o [m - 1]
k= 2 .
Jmk i=14q E)

Proof: By definition of g, we have

(-2 ="S [t T gevam 3 g

m=1 j=0 a<a(r) a<a(r)
w(a)=j+m—1 w(a)=j+m
m

) +m—1 —a(r j _jm m
x [j } (=1 T (14 2™ =00) g N g (q™™).
g—N

m—1
k=1
Furthermore
m m—1
H (1 _"_quNfa(r)) _ H (1 +xq(m7k)N7a(r))
k=1 k=0

—

m—

_ (1 +xqu—a(T')> (1 +mq(m—k)N—a(7')>

=
Il
—

_ (1 + xqufa('r‘)) xqumewaka(r) |:mk 1:| ,
k a ¥

3

I
o

where the last equality follows from (3.1). Therefore

(1-x)g(x) =
r r—1 ]+m 1

1 o m —a - j gmN
SIS s e s e [
m=1 |\ j=0 a<a(r) a<a(r) 4

w(a)=j+m—1 w(a)=j+m

m—1
mN —a(r mN—NEEED o m—1 m m
x<1+qu ())ZxquNN - k()|: i } (—1) +1g(a:q N)
k=0 N
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T r—1

m— —« m —« J +m—1 Jqdm
=) 5I FEID SRR R SN al | O B
m=1 | j=0 a<a(r) a<a(r) N
w(a)=j+m—1 w(a)=j+m
m—1 1
% Z xqumeN%%a(r) {m - }
Pt k q-N
r—1
+ dmfl Z qfa +dm Z qfa
j=0 a<a(r) a<a(r)
w(a)=j+m—1 w(a)=j+m
; 1 , A
% g {J +m } pitlgli+mN
m—1 -N
q
m—1 k(k+1) m—1
« Z xqumN—N#—ka(r) |: L :| (_1)m+lg ((Equ) )
k=0 a "
Thus
r r—1 m—1
(1—2)g(z) =) em @ ™ " fo gzt
m=1 \ 7=0 k=0

r m—1
+ qfa(r) Z em,jfll'jqij Z fm,kxqumN (_1)m+1g (xqu) )
=1 k=0

Rearranging leads to (eq'y,_;). As always, g(0) = G(0) = 1. The lemma is
proved. O

We now want to show that f and g are in fact equal.
Lemma 3.7. Let f and g be defined as in Lemmas 3.3 and 3.6. Then f = g.

Proof: To prove the equality, it is sufficient to show that for every 1 < m < r,
the coefficient of (=1)™*!f (z¢™") in (eqy,) is the same as the coefficient of
(=1)™*ttg (x¢™N) in (eq'y,_1)- Let m € {1,...,r} and

Sy = [(—1)m+1f (xqu)] (edn )

r min(j—1,m—1)

_ dm—l Z q—a 4 dm Z q—a + Z Z C}c,jbmfk,jl'jqij
k=0

a<a(r) a<a(r) Jj=1
w(a)=m—1 w(a)=m

and

Shy = [(=1)"* g (x¢™)] (ed 5 1)

r—1 min(m—1,v)

v vmN
= E E fm,uem,u—um q
v=0 =0
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r min(m—1,v—1)

4 qfa(r) Z Z fm,p,em,y—,u—lxyqymN
v=1 pn=0

= fm,Oem,O
r min(m—1,v) min(m—1,v—1)
—a(r v vmN
+ E E fm,uem,ufp, +4q (r) E fm,uem,ufp,fl T q )
v=1 pn=0 n=0

because €,,,—, = 0 for all 4, as y < m — 1 so the sums are over o such that
a < a(r) and w(a) > r, which is impossible.
Let us first notice that

fm,Oem,O — dm—l Z q—oz 4 dm Z q—a.

a<a(r) a<a(r)
w(a)=m—1 w(a)=m
Now define
min(j—1,m—1)
Tji= D> Chkibmkj
k=0
and
min(m—1,j5) min(m—1,5—1)
Thio= > fmkemik+a "7 D> frkem ko1
k=0 k=0
The only thing left to do is to show that for every 1 < j <,
Ty = Tr'n,j.
We have
(3.2)
Ch,jbm—rk.j
:quk(k;l)fk:a(r) j—1 j+m—k—1
k Nl m= k—1 G- N

™ d’m—l Z q—a 4 qm Z q—a

a<a(r+1) a<a(r+1)
w(a)=j+m—k—1 w(a)=j+m—k

= | gqn1 Z g+ d” Z g q—N%—ka(T)

a<a(r) a<a(r)
w(a)=j+m—k—1 w(a)=j+m—k

it j+m—k—1
k G- N m—k—1 G- N

+ q—a(r) dm—1 Z q—a 4 dm Z q—a q_N%_ka(r)

a<a(r) a<a(r)
w(a)=j+m—k—2 w(a)=j+m—k—1

X[j—l} [j+m—k—1}
ko]~ m—k-1 qu,
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in which the last equality follows from separating the sums over «a according to
whether « contains a(r) as a summand or not.

We also have
(3.3)

fm,kem,j—k =4q

—N%—ka(r) |:m - 1:|
k q,N

m—1 —a m —a ]+m7k*1
x | d Z q “+d Z q { L_N,

a<a(r) a<a(r)
w(a)=j+m—k—1 w(a)=j+m—k

and

(3.4)
" o kem k1 = q_NL(k;l)_(Hl)a(T) {m . 1]

q—N

x | amt Z O+ dm Z e {J”rm—k‘—?] .
qg-N

m—1
a<a(r) a<a(r)
w(a)=j+m—k—2 w(a)=j+m—k—1
By a simple calculation using the definition of g-binomial coefficients, we get the
following result For all j, k,m € N,

m—1 j+m—k—-1 J j+m—k—1
(3.5) = .
ko] -n m—1 N kly-~nl m—k=1 | -~
Using (3.5), we obtain

Tps=x(G <m—1) g N e g { " ' }
3 m —j — 1 q_N

« Z q—a 4 dm Z q—a

a<a(r) a<a(r)
w(a)=m—1 w(a)=m

min(m—1,5—1)

CNRGED oy [T j+m—k—1
LD DR M _N{ m—k—1 |
k=0 q q

% dm—l Z q—(x 4 dm Z q—a
a<a(r) a<a(r)
w(a)=j+m—k—1 w(a)=j+m—k
min(m—1,7—1) . 1 . k 9
+ Z quwf(ka)a(r) [J - } {] +m—r— ]
N N

k m—k—1
k=0

> dm—l Z q—(x 4 dm Z q—a

a<a(r) a<a(r)
w(a)=j+m—k—2 w(a)=j+m—k—1
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By (2.9) of Lemma 2.3, we have

j] B [j - 1] N(k—j) {j - 1}
= +4q )
|:k q N k qg N k—1 q-N

j+m—k—2 _lgtm—k-1 _Nj|Jtm—k—=2
m—k—1 q_N_ m—k—1 ] x q m—k—2 q_N'

This allows us to rewrite 7}, ; as

Ty =t S m—1) ] ML
’ m—j—1 N
w | gm1 Z q—a 4 dm Z q—a
a<a(r) a<a(r)
w(a)=m—1 w(a)=m

min(m—1,5—1)

+ Z quwfka(r) |:]—1:| {]—l—m—k—l]
k=0 kolgnl m—k—1 J,n
> dm—l Z q—(x 4 dm Z q—a
a<a(r) a<a(r)
w(a)=j+m—k—1 w(a)=j+m—k
min(m—1,5—1) . 1 . k 1
. g~ VAR —ka(r)+N (k=) {J - } {J +m—k— ]
2 k=1, x| m—k—1 | &
~ dm—l Z q—a 4 dm Z q—oz
a<a(r) a<a(r)
w(a)=j+m—k—1 w(a)=j+m—k
min(m—1,5—1) . .
+ Z quwf(kwkl)a(r) [J - 1} {J +m—k— 1]
P ko]~ m—k—-1 ] .~
~ dm—l Z q—(x 4 gm Z q—a

a<a(r)
w(a)=j+m—k—2

a<a(r)
w(a)=j+m—k—1

min(m—2,5—1)

Z gV EEE —(+Da(r) N [j - 1} [j +m—k— 2}
k=0 k qN m—k—2 N

% dm—l q—a + dm

By (3.2), the sum of the second and fourth term in the sum above is exactly equal
to T'm, j. Let X denote the sum of the third and fifth term. We now want to show

>

a<a(r)
w(a)=j+m—k—2

a<a(r)
w(a)=j+m—k—1

> e
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that

X+x(j <m—1) q‘Nm‘jl)‘ja(”[ med }
m—j—1 N

x | dmt Z g “+dm Z g | =0

a<a(r) a<a(r)
w(a)=m—1 w(a)=m

By the change of variable &/ = k + 1 in the fourth sum, we get
min(m—1,5—1)

_NkGE=D _Nil7—1 j+m—k—1
X = N == ka(r)—Nj
kzzo 1 k=1, x| m—k-1 | &

% dmfl Z qfa +dm Z qfoc

a<al(r) a<a(r)
w(a)=j+m—k—1 w(a)=j+m—k
min(m—1,7) . 1 . k 1
_ Z quL’“;” —ka(r)—Nj [J - ] {J tm—Rk— ]
b1 k_]. q_N m_k_]. q_N
w | gn1! Z qfa 4 dm Z qfoz
a<al(r) a<a(r)
w(a)=j4+m—k—1 w(a)=j+m—k
0, if § > m,
B q_Nj<j2+1) —ja(r) [ m = 1 }
m—j—1 N
otherwise
x| gm1 Z qfa +dm Z qfa 7
a<a(r) a<a(r)
w(a)=m—1 w(a)=m
= —x(j <m—1) g N*EH e { m—1 ]
- m—j—1 N

> dmfl Z qfoc 4 dm Z qfa

a<a(r) a<a(r)
w(a)=m-—1 w(a)=m

This completes the proof.
We can finally turn to the proof of Theorem 3.1.

O

Proof of Theorem 3.1: Let us start by the initial case r = 1. Let N > a(1) and

(um,) such that ug =1 and

(recn,1) (1 — quN_“(1)> Up = (1 + qKN_“(l)) Up_1.
Then
(=W gN),

U gV gN),

21
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Taking the limit as ¢ goes to infinity gives the desired result.

Now assume that Theorem 3.1 is true for some r —1 > 1. We want to show that
it is true for r too. Let N > a(2" — 1), and (tm )men satisty (recy ) and the initial
condition ug = 1. For all m, let

Then fp = 1 and by Lemma 3.2, (8,,) satisfies (recly,.). Now let

(o]
=2 Bua”
n=0

Then by Lemma 3.3, f(0) = 1 and [ satisfies (eqy ,.). But by Lemma 3.7, f also
satisfies (eq'y,._1). Now let

)
[Ty (14 wgtN=et)
By Lemma 3.6, G(0) = 1 and G satisfies (eq”,_1). Let

oo
=: E spx”
n=0

By Lemma 3.5, so = 1 and (s,,) satisfies (rec,, ;). Finally let

G(z) ==

n

Hn 1= Sn H (1 - qu) .

k=1
By Lemma 3.4, po = 1 and (u,) satisfies (recy,—1). Now N is still larger than
« (T_l — 1) and we can use the induction hypothesis which gives

N a(k). .q )

(3.6) lim 1, ]i[ 0, V)

{—00

Therefore by definition of (sg),

r—1 Na(k)q)

lim Sy = ]j

£—=o0 q q oo kel )oo

‘We have
(3 7)

Z Bmz™ = f(x H (1 + a:qu*a(r)) G(z) = ﬁ (1 + quN*a(T)) i Smx™
k=1 k=1 m=0

We multlply both sides of (3.7) by (1 — x) and we apply Appell’s Comparison
Theorem [Die57, p. 101]. We obtain

1 - kN-a(r)) (—gN 0, q - N=alk) gy
1 —al(r : — oo
éigloﬁz kl_[l< +a )Ziglose (q iqV U gV ak)q )
Thus by definition of (8;), we have
00 i r—1 —a
tim u = [ -V 5 gV gN) 10 (=g W) gV
(o0 © 1 — dgiN—a(r) (Soo ‘= (qu*a(T); 4V )oo (qu*a(k); 4V ) oo

Jj=1
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Theorem 3.1 is proved. g
Now Theorem 1.6 is a simple corollary of Theorem 3.1.

Proof of Theorem 1.6: We have that elim g, which is the generating function
— 00

for partitions counted by G(—A'y;k,n), is equal to [],_, M, which is
the generating function for partitions counted by F(—Apn;k,n). Thus

F(=An;n, k) = G(-=Ayin, k),
and Theorem 1.6 is proved. (]

4. CONCLUSION

In [CLO6], Corteel and Lovejoy proved an even more general theorem of which
both of Andrews’ theorems are particular cases. It would be interesting to generalise
it to overpartitions too, but new techniques might be necessary.

It would also be interesting to see if Theorems 1.6 and 1.5 have connections with
representation theory and quantum algebra like Theorems 1.4 and 1.3.
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